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The main purpose of this paper is to present a lifting theorem generaliz-
ing the well-known WedderburnMalcev theorem. We then show how this
result can be applied to various questions concerning the structure of
blocks and source algebras. In particular, we indicate how it can be used to
give an alternative proof of Puig’s main theorem on nilpotent blocks.
In the following, we fix a complete discrete valuation ring R with
Ž .algebraically closed residue field F RJ R of characteristic p 0 and
field of fractions K of characteristic 0. For an element  R, we denote
by  its image in F. All our R-algebras will be associative with identity
element and finitely generated R-modules. We do not require our R-alge-
bra homomorphisms to be unitary.
Let us fix an R-algebra A. Every A-module will be considered as an
R-module in the usual way. We will tacitly assume that all our A-bimod-
ules M satisfy rmmr for r R, mM. Then we can regard
A  4M  mM : amma for a A
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as an R-module. An interior A-algebra is an R-algebra B which is also an
Ž . Ž .A-bimodule satisfying xa y x ay for a A, x, y B. In this case the
map
 : A B , a a1  1 a1  1 a 1  1 a,Ž . Ž .B B B B B B
is a unitary homomorphism of R-algebras. In particular, we can consider
every B-module as an A-module via . Then M BM A for every B-bi-
module M.
LEMMA 1. Let B be an interior A-algebra, and let : B B B denoteA
Ž .the map of B-bimodules satisfying  x y  xy for x, y B. Then the
following assertions are equialent:
Ž .1  splits as a map of B-bimodules.
Ž . k Ž .B2 There exists an element wÝ x  y in B B such thatj1 j j A
Ýk x y  1 .j1 j j B
Ž . Ž B. B Ž A.3 f M N  f M for eery map of B-bimodules f : MN.
Ž .Proof. Suppose first that 1 is satisfied, and let  : B B B denoteA
Ž . Ba map of B-bimodules such that  id . Since 1 Z B  B , weB
Ž . Ž .B Ž . Ž Ž .. Ž .have w  1  B B and  w    1  1. Thus 2 holds.A
Ž .Now suppose that 2 is satisfied. If f : MN is a map of B-bimodules
Ž B. B Ž A. B Ž A.then, obviously, f M N  f M . Conversely, let nN  f M ,
Ž . Aand write n f m with mM . We consider the map of B-bimodules
Ž .  Ž .g : B BM with g x y  xmy for x, y B, and set m  g w A
Ýk x my . Then mM B andj1 j j
k k k
f m  x f m y  x ny  x y n 1 n n.Ž . Ž .Ý Ý Ýj j j j j j B
j1 j1 j1
Ž .Thus 3 holds.
Ž .Now suppose that 3 holds, and consider the map of B-bimodules :
Ž . B Ž . ŽB B B. Then 1 Z B  B and 1  1 1 with 1 1 BA A
. A Ž . Ž . Ž .B Ž .B . Thus 3 implies that 1  w for some w B B . Hence 2A
holds.
Ž .Finally, suppose that 2 holds. Then  : B B B, x xw wx, is aA
Ž Ž .. Ž Ž .. Ž .map of B-bimodules such that   x  x  1  x w  x1  xB
Ž .for x B. Thus 1 holds.
If the assertions above are satisfied then we say that B is a separable
interior A-algebra.
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PROPOSITION 2. Let B be a separable interior A-algebra. Then the follow-
ing holds:
f g
Ž .i A short exact sequence of B-modules E : 0 LMN 0
splits if and only if its restriction to A splits.
Ž . Ž .ii A B-module is projectie injectie if its restriction to A is projec-
Ž .tie injectie .
Ž .Proof. i One direction is obvious. In order to prove the other, con-
Ž . Ž .sider the map of B-bimodules g: Hom N, M Hom N, N , hR R
Ž .Bgh. If E splits as a sequence of A-modules then id Hom N, N N R
Ž Ž . A. Ž Žg Hom N, M . Thus, by Lemma 1, we have id  g Hom N,R N R
.B. Ž .M ; i.e., id  gh for some hHom N, M .N B
Ž . Ž .ii is an immediate consequence of i .
A homomorphism between interior A-algebras B, C is a map  : B C
which is both a homomorphism of R-algebras and a map of A-bimodules.
Our main result is the following one.
THEOREM 3. Let B be a separable interior A-algebra, let I be an ideal in
Ž .an arbitrary interior A-algebra C such that I J C , and let  : B CI be a
unitary homomorphism of interior A-algebras. Suppose that there exists a map
Ž . Ž .of A-bimodules  : B C such that  x  I  x for x B. Then there0 0
Ž .exists a homomorphism of interior A-algebras  : B C such that  x  I
Ž .  x for x B. Moreoer,  is unitary and unique up to conjugation with
elements in 1 I A.
Proof. Since B is a separable interior A-algebra there exists an ele-
k Ž .B kment wÝ x  y  B B such that Ý x y  1 . We arej1 j j A j1 j j B
Ž .	going to construct a sequence  of A-bimodule maps  : B Cn n0 n
Ž . 2 n Ž . 2 n Ž . 2 n Ž . Ž . 2 nsuch that  x  I   x  I and  xy  I   x  y  In1 n n n n
Ž . Ž .for x, y B and n	 0. Hence we first note that  xy  I  xy 0
Ž . Ž . Ž . Ž . x  y   x  y  I for x, y B. Thus  has the required prop-0 0 0
erty.
Now suppose that we have already successfully constructed  ,  , . . . , 0 1 n
Ž .2 2 n Ž . 2 nfor a fixed n	 0. Then  1  I   1  I andn B n B
 1  I  1  I 


   1  I  1  1  1  IŽ . Ž . Ž . Ž .n B n
1 B 0 B B C I C
Ž . 2 n 2 nwhich implies that  1  I  1  I . There is a unique map ofn B C
2 n Ž . Ž . Ž . Ž .A-bimodules  : B B I such that  x y   xy 
  x  yA n n n
for x, y B. Thus, we have
 x  y z   x yz   xy z   x y  zŽ . Ž . Ž . Ž . Ž . Ž .n n
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for x, y, z B. Consider the map of A-bimodules : B B B I 2 nA A
Ž . Ž . Ž .with  x y z   x y  z for x, y, z B. Thenn
k
n2 : B I , x  x w   x x  y ,Ž . Ž .Ž .Ý j n j
j1
is a map of A-bimodules with
 x  y 
  xy   x  y  I 2 n 1Ž . Ž . Ž . Ž . Ž .n n
k
  x  y x  y 
  xy x  yŽ . Ž . Ž .Ž . Ž .Ý n j n j j n j
j1
n 12 x x  y  y  IŽ . Ž .Ž .j n j n
k
  x y  x  y 
  x yx  yŽ . Ž . Ž . Ž .Ž .Ý n j n j j n j
j1
n 12 x x  y y  IŽ .Ž .j n j
k
n 12  x y  x y 
  x yw   x wy  IŽ . Ž . Ž . Ž .Ý n j j
j1
  x y  1  I 2 n 1  x y  I 2 n 1Ž . Ž . Ž .n
  xy 
  x  y  I 2 n 1Ž . Ž . Ž .n n n
for x, y B. Thus we get a map of A-bimodules
 : B C , x  x   x ,Ž . Ž .n1 n
Ž . 2 n Ž . 2 nwith  x  I   x  I andn1 n
 x  y  I 2 n 1Ž . Ž .n1 n1
  x  y   x  y   x  y  I 2 n 1Ž . Ž . Ž . Ž . Ž . Ž .n n n n
  xy   xy  I 2 n 1  xy  I 2 n 1Ž . Ž . Ž .n n1
Ž .	for x, y B. This finishes the construction of the sequence  . Sincen n0
Ž .I J C , the map
 : B C , x lim  x ,Ž .n
n	
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is a well-defined unitary homomorphism of interior A-algebras such that
Ž . Ž . Ž . x  I  x  I  x for x B.0
Finally, suppose that  : B C is another homomorphism of interior
Ž . Ž .A-algebras such that  x  I  x for x B. Then  : B I, x
Ž . Ž . Ž . Ž . Ž . x 
  x , is a map of A-bimodules such that  xy   x  y 
Ž . Ž . x  y for x, y B. We consider the map of A-bimodules : B BA
Ž . Ž . Ž . Ž . I with  x y   x  y for x, y B and set a  w 
k Ž . Ž . AÝ  x  y  I . Thenj1 j j
k k
 x a  xx  y   xw   wx   x  y xŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýj j j j
j1 j1
k
   x  y  x   x  y  x   x  a xŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý j j j j
j1
  x 
   x  a  x ,Ž . Ž . Ž .
Ž .Ž . Ž . Ž .i.e.,  x 1
 a  1
 a  x for x B, and the result follows.
Suppose now that G is a finite group. We denote by RG the group
Žalgebra of G over R, and we identify interior G-algebras in the sense of
 .8 and interior RG-algebras. For an interior G-algebra A and a subgroup
H of G, we set
H  4 R HA  x A : hx xh for hH  A .
Moreover, for a subgroup I of H, we denote by
Tr H : AI AH , a tat
1 ,ÝI
tT
the relative trace map; here T is an arbitrary transversal for HI.
Ž .Now let B be a block algebra of the group algebra RG. We consider
 4RG and B as interior G-algebras in the usual way. Then  1 is aB
point of G on RG. We denote by P a defect pointed group of the
Žcorresponding pointed group G . Then  is an orbit under the conjuga-
Ž .P .tion action of the group of units of RG of primitive idempotents i in
P Ž .B such that Br i  0; hereP
PBr : RG  FC P , r g r g ,Ž . Ž . Ý ÝP G g g
gG Ž .gC PG
denotes the Brauer homomorphism. For i  , the interior P-algebra
B  iRGi iBi is called a source algebra of B.
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LEMMA 4. Let B be a block of the group algebra RG with defect group P,
P Ž .and let e be an idempotent in B such that Br e  0. Then eBe eRGe isP
a separable interior P-algebra.
Proof. We choose a primitive idempotent i in B P such that ei i ie
Ž .and Br i  0. Then i belongs to a local point  of P on RG, and P is aP 
 4 Ždefect pointed group of G where  1 . An elementary argument cf. B
 Ž .. Ž .P8, Lemma 14.1 shows that there are elements a, b RG such that
GŽ .1  Tr aib . We choose a transversal T for GP and set Ý taiB P tT
 ibt
1  RG RG. Note that the definition of  does not depend onR P




1 GŽ .g ; i.e.,   RG RG . Moreover, we have Ý taibt  Tr aibR P tT P
 1 .B
We can consider eRGe eRGe as an RP-subbimodule of RGR P R P
Ž .e RG e 
1RG, and we set w ee eRGe eRGe . Then Ý etaibt eR P tT
e1 e e; i.e., eRGe is a separable interior P-algebra.B
We can apply Lemma 4 with e 1 and then obtain that the block B isB
a separable interior P-algebra. We can also apply Lemma 4 with e i 
and then obtain that the source algebra B of B is a separable interior
P-algebra.
In order to apply Theorem 3 to B we have to investigate the RP-bimod-
ule structure of B . We note first that RG is the direct sum of the
 indecomposable RP-bimodules R PgP corresponding to the double cosets
PgP in G. Since B  iRGi is a direct summand of RG, we can write
B M  


M , 1 r
 where each M is an indecomposable RP-bimodule isomorphic to R Pg Pj j
for a suitable g G.j
It is known that g , . . . , g are related to the fusion of Brauer pairs. In1 r
Ž .order to explain this in more detail we recall that a Brauer pair Q, fQ
Ž .consists of a p-subgroup Q of G and a block idempotent f in FC Q . IfQ G
Ž . Q, f is a Brauer pair and Q is a subgroup of Q then there exists aQ
Ž .  Ž . Ž .   necessarily unique block idempotent f in FC Q such that Br e fQ G Q Q
Ž . Ž .Q Ž . Br e for every primitive idempotent e in RG with Br e f  0Q Q Q
Ž  . Ž   . Ž .cf. 1, 1.8 . In this case we write Q , f  Q, f . We obtain a partialQ Q
order  on the set of Brauer pairs which is preserved under the action of
G by conjugation.
Ž .In the following, we denote by P, f the unique Brauer pair such that
Ž . Ž . 
1Br i f Br i . Moreover, for j 1, . . . , r, we set P  P g Pg andP P j j j
Ž . Ž .denote by f the unique block idempotent in FC P such that P , f j G j j j
Ž .P, f .
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Ž . Ž . 
1PROPOSITION 5. With notation as aboe, we hae P , f  g P, f gj j j j
for j 1, . . . , r.
Proof. For j 1, . . . , r, we choose an isomorphism of RP-bimodules
  Ž . Ž . : R Pg P M and set X   Pg P , x   g  X . Thenj j j j j j j j j j
ux g
1 u
1  u g g
1 u
1 g g
1   ug g
1 u
1 g g
1Ž . Ž .j j j j j j j j j j j j
  g g
1  x g
1Ž .j j j j j

1 Ž .Pjfor u P . Hence x g  RG . Now X X  


 X is an R-basisj j j 1 r
of B which is invariant under left and right multiplication with elements
in P, and we can extend X to an R-basis of RG with the same proper-
ty. Then Yg
1 is an R-basis of RG which is invariant under left andj

1 





1 Pjhave Br x g  0. Since x g  i 
 x g 




j Pj g j there are primitive idempotents i  B Pj, i B g j
1 Pj g j such that j  j 
0 Br i 
 x g
1 
 g i g
1  Br i Br x g
1 Br g i g
1 .Ž .Ž . Ž . Ž .P j j j j j j P j P j j P j j jj j j j
Ž . Ž  
1.Thus the primitive idempotents Br i , Br g i g belong to the sameP j P j j jj j
Ž . Ž . Ž .block of FC P . Since P , f  P, f , we haveG j j j
Br i f  Br i i f  Br i Br i f  Br i Br iŽ . Ž .Ž . Ž . Ž . Ž .P j j P j j P j P j P j Pj j j j j j
 Br i i  Br i .Ž . Ž .P j P jj j
Ž . Ž  
1.Thus Br i , Br g i g belong to f . HenceP j P j j j jj j
0 Br g i g
1  Br g i g
1 f  Br g i g
1 
 g ig
1 fŽ . Ž . Ž .P j j j P j j j j P j j j j j jj j j
 Br g i g
1 Br g ig
1 f ;Ž . Ž .P j j j P j j jj j
Ž 
1 . 
1 Ž . g j P g




1Ž .g P g j j j jj j
Ž . Ž . 
1this implies that P , f  g P, f g .j j j j
Let N be a normal subgroup of P, and set P PN. We say that the
Ž .Brauer category of B is N-locally controlled by P, f if, for any Brauer
Ž . Ž . Ž . Ž . 
1pair Q, f  P, f and any gG such that Q, f  g P, f g , thereQ Q
Ž .are elements c C Q, N , u P such that g cu whereG
 C Q, N  cG : Q, c N . 4Ž .G
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This is related to 2, Definition 1.1 . Note, however, that Fan uses local
pointed groups in his definition whereas we use Brauer pairs. Thus our
condition appears to be slightly stronger than his.
Suppose now that the Brauer category of B is N-locally controlled by
Ž . Ž .P, f . Then, for j 1, . . . , r, we can write g  c u with c  C P , Nj j j j G j
and u  P. Since we can replace g by g u
1 we can and will in thej j j j
Ž .following assume that g  C P , N for j 1, . . . , r.j G j
We consider RP B as an interior P-algebra with respect to theR 
diagonal action and denote by  : RP B  B the unique homomor-R  
Ž .phism of interior P-algebras such that  u x  x for u P and
Ž . Ž .x B . Note that IKer   J RP B . R 
Ž  .THEOREM 6 cf. 2, Theorem 1.1 . Suppose that the Brauer category of B
Ž .is N-locally controlled by P, f . Then there exists a homomorphism of interior
P-algebras  : B  RP B such that   id . Moreoer,  is unitary R  B
and unique up to conjugation with elements in 1 I R P.
Proof. We observe first that  induces an isomorphism of interior
P-algebras
 : RP B I B , y I  y ,Ž .ž /R  

1and set   . Moreover, we adopt the notation used in the proof of
Proposition 5 and claim that, for j 1, . . . , r, the stabilizers in P P of x j
and 1 x coincide.j




1 Ž .g  g  P g Pg  P and g  C P , N we conclude that u j j j j j j G j

1 
1 Ž .ug u g N and u 1 x   uN ux   1 x . Thus our claim isj j j j j
proved.
Hence we can define a map of RP-bimodules  : B  RP B such0  R 
Ž . Ž Ž . . Ž Ž ..that  x  1 x for j 1, . . . , r. Then   x  I    x 0 j j 0 j 0 j
Ž . Ž . Ž . Ž . 1 x  x ; i.e.,  x  I  x for j 1, . . . , r. Hence  x  Ij j 0 j j 0
Ž .  x for x B . By Theorem 3, there exists a homomorphism of
Ž . Ž .interior P-algebras  : B  RP B such that  x  I  x ; i.e., R 
Ž Ž .. Ž Ž . . Ž Ž ..  x    x  I    x  x for x B .
Let  : B  RP B be another homomorphism of interior P-alge- R 
   Ž Ž . . Ž Ž .. Ž .bras such that    id . Then   x  I    x  x; i.e.,  xB
Ž . I  x for x B . Hence, by Theorem 3,  is conjugate to  by an
element in 1 I R P.
Our block B is called nilpotent if its Brauer category is 1-locally
Ž .controlled by P, f . In this case Theorem 6 yields a unitary homomor-
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phism of interior P-algebras  : B  RP B such that   id R  B
where  : RP B  B is the homomorphism of interior P-algebrasR  
Ž .with  u x  x for u P, x B . It is not difficult to derive from this
fact Puig’s structure theorem for B , at least with R replaced by F. One
 can follow, for example, the argument in 8, pp. 468470 :
Let M be a simple B -module. Then FP M is a module for FP B , F F 
B , and FP. It is clearly projective over FP. Thus it is also projective over
B , by Proposition 2. On the other hand, FP M has a composition F
 series of length P , with all composition factors isomorphic to M. Thus M
Ž .is the only simple B -module up to isomorphism , and FP M is its F
projective cover; in particular, FP M is a faithful B -module. On theF 
Ž .other hand, FP J B annihilates FP M. Thus the composite mapF  F

B FP B  FP B J BŽ . F  F  
is still injective. Comparing dimensions, we therefore see that the map
Ž .B  FP B J B is an isomorphism of interior P-algebras. F  
The proof of the corresponding result with R in place of F is slightly
  Žmore involved and is explained in 8, Sect. 51 . One has to show that the
.unique simple B-module over F lifts to R.
 Our next result is related to 2, Theorem 1.2 .
pŽ .THEOREM 7. Let L be a normal p-subgroup of G such that O G 
Ž .C L , and set GGL. Moreoer, let B be a block of RG with defectG
Ž .pointed group P , corresponding Brauer pair P, f , and source algebra B . 
Suppose that P LN and that the Brauer category of B is N-locally
Ž .controlled by P, f . Then the image B of B in RG is a block with defect group
PN, and we hae an isomorphism of interior P-algebras B  RL B , R 
where B is the image of B in RG. 
Proof. By Osima’s theorem, the block idempotent e of B is contained
pŽ . Ž . Ž .in RO G  RC L . Let f be a block idempotent of RC L such thatG G
GŽ .  
1 4ef f. Then e Tr f , where T gG : gfg  f is the inertialT
group of f in G. Moreover, e and f have a common defect group. Thus we
may assume that P is a defect group of f as well. Then the image f of f in
 Ž .   Ž . R C L LL is a block idempotent of R C L LL with defect groupG G
GŽ .PN, and e Tr f is a block idempotent in RG with defect group PT
as well.
Now we consider the source algebra B  iRGi and its image B  iRGi 
in RG. We also adopt the notation used before. For j 1, . . . , r, we have
Ž .Pg P LNg N Pg N with g  C P , N andj j j j G j
     
1   Pg P  Pg N  P : P g Ng 
 N .j j j j
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Let x P g Ng
1  P , and write x zu g g
1 with z L, u, j j j j j
N. Then 1 x
1 g
1 xg N z
1 u
1N z
1N. Hence z 1 and x uj j
 g g
1 N g Ng
1. This shows that P g Ng
1 N g Ng
1 andj j j j j j j j
       
1     Pg P  L 
 N 
 N : N g Ng  L 
 Ng N .j j j j
For z L P , we have z
1 g
1 zg N L 1. Thus every element inj j j
Ž .L commutes with every element in Ng N and  Ng N . The restriction ofj j j
the canonical map B  B is a homomorphism of interior N-algebras  : 
L LŽ . Ž .B  B . Moreover, it is surjective, and IKer   J B . Thus   
Linduces an isomorphism of interior N-algebras  : B I B , and we set 

1  .
G P P G P PŽŽ . Ž . . ŽŽ . Ž . .Since e Tr RG i RG , we have e Tr RG i RG . SinceP P
Ž .e has defect group P this implies that Br i  0. By Lemma 4, B is thusP 
Ža separable interior N-algebra although we do not yet know at this point
.that i is a primitie idempotent in B .
L Ž .There is a unique map of RN-bimodules  : B  B such that  x0   0 j
Ž Ž . . Ž Ž .. Ž . x for j 1, . . . , r. Then   x  I    x   x  x forj 0 j 0 j j j
Ž . Ž .j 1, . . . , r ; i.e.,  x  I  x for x B . By Theorem 3, there exists0 
La unitary homomorphism of interior N-algebras  : B  B such that 
Ž . Ž . Ž Ž .. Ž Ž . . Ž Ž .. x  I  x ; i.e.,   x    x  I    x  x for x B .
L Ž . Ž . Ž . Ž .We conclude that B  Im   I, so B  RL Im   RL I. By 
Ž . Ž .Nakayama’s lemma, this implies that B  RL Im  . It follows easily
Ž .that the map RL B  B , y x y x , is an isomorphism of inte-R  
rior P-algebras, and the result is proved.
We note that Theorem 7 applies, in particular, to the situation consid-
 ered in 5 . Another application of the main result of this paper is the
 following mild generalization of 6, Lemma 7.8 .
THEOREM 8. Let G be a finite group, let A be a separable interior
RG-algebra, and let B be an arbitrary interior RG-algebra. Moreoer, suppose
 that, considered as R GG -modules, A and B are R-free p-permutation
modules. Then A and B are isomorphic as interior RG-algebras if and only if
F A and F B are isomorphic as interior FG-algebras.R R
Proof. One direction is clear. In order to prove the other, let  :
F A F B be an isomorphism of interior FG-algebras. Since AR R
 and B are p-permutation modules,  lifts to a map of R GG -modules
 : A B. Thus, by Theorem 3,  lifts to a homomorphism of interior0
RG-algebras  : A B. By Nakayama’s lemma,  is surjective. Since B is
R-free,  is injective as well.
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Finally, the referee has pointed out that Theorem 3 also gives an easy
 proof of 7, Lemma 3.5 .
Remark. After the work on this paper was finished, the authors came
 across the paper 3 which explains some of the cohomology behind the
proof of Theorem 3 in more detail.
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